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Inspired by the similarity between the fractal Weierstrass function and quantum systems with
discrete scaling symmetry, we establish general conditions under which the dynamics of a quantum
system will exhibit fractal structure in the time domain. As an example, we discuss the dynamics of
the Loschmidt amplitude and the zero-momentum occupation of a single particle moving in a scale
invariant 1/r2 potential. In order to show these conditions can be realized in ultracold atomic gases,
we perform numerical simulations with practical experimental parameters, which shows that the
dynamical fractal can be observed in realistic time scales. The predication can be directly verified
in current cold atom experiments.
In the lecture presented to Ko¨nigliche Akademie der
Wissenschaften in 1872 [1, 2], Karl Weierstrass intro-
duced an intriguing function series,
W (x) =
∞∑
n=0
an cos(bnpix), 0 < a < 1, (1)
which is known as the Weierstrass function nowadays.
The original intent of Weierstrass’s work is to construct
an example of a real function being continuous every-
where while differentiable nowhere. After its publication,
the remarkable function has intrigued many mathemati-
cians and physicists, who have made substantial contri-
butions to the understanding of Weierstrass’s function [3–
8]. Among these works, probably the most important
discovery is that the Weierstrass function can have non-
integer Hausdorff dimensions, indicating that it is not a
regular curve but a fractal [4–6], although the term ‘frac-
tal’ was invented over a hundred years later by Mandel-
brot in 1975 [5].
Here we review two crucial properties of the Weier-
strass function that are closely related to the following
discussions. As plotted in Fig. 1, the fractal behav-
ior of the Weierstrass function greatly depends on the
parameter ab. For ab < 1, W (x) is a regular one di-
mensional curve with continuous derivative. While the
function becomes ‘pathological’ and an fractal structure
emerges when ab is greater than 1. In this regime, it is
believed that the Weierstrass function has fractal dimen-
sion, [6, 8, 9]
DH = 2 +
log a
log b
. (2)
Secondly, like other fractals, the Weierstrass function
displays a self-similar graph with infinitely fine details.
This property can be directly observed from Fig. 1, and
mathematically, it is related to the discrete scaling sym-
metry (DSS) of W (x),
W (bx) ' a−1W (x). (3)
-2 -1.5 -1 -0.5 0 0.5 1 1.5 2
-2
0
2
-2 -1.5 -1 -0.5 0 0.5 1 1.5 2
-2
0
2
-2 -1.5 -1 -0.5 0 0.5 1 1.5 2
-2
0
2
FIG. 1. The Weierstrass function W (x). Top: b = 1 and ab <
1, regular curve; Middle: b = 2 and ab = 1, the transition
point; Bottom: b = 3 and ab > 1, fractal curve. a = 1/2 is
fixed for all three cases. The inset is a zoom in of the detailed
structure around the red point, which shows the self similarity
behavior of W (x).
In physical systems, the DSS or self similarity emerges
in a quantum system if its renormalization group (RG)
flow shows a limit cycle behavior [10]. In this case,
the RG flow of the quantum system becomes periodic
when the cutoff changes by a scaling factor λ. Proba-
bly the most celebrated example of a RG limit cycle is
the so-called Efimov effects discovered by Vitaly Efimov
in 1970 [11, 12]. Efimov showed that in a three-particle
system with resonant two-body interaction, there can ex-
ist an infinite tower of quantum mechanical three-body
bound states. These bound states are self-similar in the
sense that their wave functions ψn(r) satisfy,
ψn+1(r) ∝ ψn(λr), (4)
where λ > 1 is the scaling factor. Their binding energies
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2En also follow similar DSS,
En+1 ' λ2En. (5)
For the convenience of the later discussion, we have la-
beled the bound states in a reverted way comparing to
the conventional Efimov labeling [13]. We choose an ar-
bitrary shallow bound state to be n = 0, deeper bound
states will be n = 1, 2, 3 . . . N with ψN being the deep-
est bound state. Shallower bound states are labelled by
n = −1,−2,−3, . . ..
These scaling behavior can be explained by an effec-
tive Schro¨dinger equation which describes a single parti-
cle moving in an 1/r2 attractive potential [13],
− ~
2
2m
[
1
rD−1
∂r(r
D−1∂r) +
s20 + 1/4
r2
]
ψ(r) = Eψ(r),
(6)
where D is the spatial dimension, s0 is a dimension-
less parameter that controls the strength of the poten-
tial. It can be shown that, after imposing a proper
short-range regularization, the zero-energy solution of
the Schro¨dinger equation shows a log-periodic behavior
ψ(r) ' r(1−D)/2 cos(s0 log r + ϕ), which is the origin of
the DSS of Eq.(4) and Eq.(5) [14–16]. The scaling pa-
rameter λ is also determined by s0 through λ = e
pi/s0 .
Inspired by the similarity between the DSS in fractal
Eq.(3) and in quantum system Eq.(4) and (5), in this
work we explore the connection between these two. No-
tice that the time evolution of a quantum system natu-
rally involves oscillation terms like e−
i
~Ent. This suggests
that the dynamics of a quantum system with eigenener-
gies En ' bn (i.e. a system with DSS) makes a perfect
candidate for realizing fractal structures in the time do-
main. Thus we discuss two post-quench dynamical mea-
surements in quantum systems with DSS, the Loschmidt
amplitude and the zero-momentum occupation. Through
the following discussion, we will reveal, one by one, the
general conditions under which the dynamics of these
systems can be expressed by a Weierstrass function and
display fractal behavior. We argue that these conditions
can be satisfied with realistic parameters in cold atoms
experiments and verify this by numerical simulation.
Loschmidt amplitude. First we consider the Loschmidt
amplitude [17] of a quantum system,
L(t) ≡ 〈φ0|e− i~ HˆEt|φ0〉 = 〈φ0|φt〉, (7)
where HˆE is a Hamiltonian with DSS. The Loschmidt
amplitude L(t) is the wave function overlap between a
time evolved quantum state and its initial state, which
can be measured by a standard Ramsey interferometry
protocal in ultracold atom experiments [18–20].
In principle, HˆE can be a complicated many-body
Hamiltonian. However, to illustrate the basic idea, we
shall first consider the simplest case of a single particle
moving in a D-dimensional 1/r2 attractive potential like
Eq.(6). This Hamiltonian is able to describe a wide vari-
ety of systems, including the conventional Efimov bound
states of three three-dimensional particles at resonance
[11–13].
Inserting a complete basis of eigenstates of HˆE into
Eq.(7), we obtain
L(t) =
∑
n
〈φ0|e− i~HEt|n〉〈n|φ0〉+ . . . , (8)
where |n〉 is the bound state with eigenenergy En. The
terms denoted by . . . correspond to the contribution from
the scattering states, which do not possess the DSS.
Therefore, in order to obtain a dynamic fractal with DSS,
the system need to satisfy Condition 1: the contri-
bution of the scattering states is negligible in the
time interval of interests. For sufficiently long time,
this requirement should always be satisfied if the initial
state φ0 is a square-integrable wave packet. This is be-
cause the scattering states will always scatter an initial
wave packet far away from the interaction center, which
leads to a negligible overlap with the initial wavefunction
after long time.
Using the energy scaling relation of Eq.(5), we find
L(t) '
N∑
n=−∞
αne
− i~λ2nE0t, (9)
where αn = |〈φ0|n〉|2 = |
∫
dDrφ∗0(r)ψn(r)|2. To connect
L(t) to a Weierstrass function, we need Condition 2: αn
can be expressed as an with a properly chosen a.
Indeed, because of the scaling Eq.(4), we have ψn+1(r) '
λD/2ψn(λr), which indicates that the sizes of the bound
states satisfy Rn+1 ' λ−1Rn. Now if we assume that
the initial state φ0(r) is a wave packet with radius L, for
deep bound states with n ≥ 0 [21], we have Rn . L and
thus
αn+1 '
∣∣∣∣ ∫ dDrφ∗0(0)ψn+1(r)∣∣∣∣2
'
∣∣∣∣λD/2 ∫ dDrφ∗0(0)ψn(λr)∣∣∣∣2
' λ−Dαn, (10)
where we have assumed φ∗0(r) ' φ∗0(0) because ψn(r) is
highly localized around the potential center. For other
shallow bound states with n < 0, on one hand, the size
mismatch leads to very small wavefunction overlaps, and
on the other hand, these terms correspond to low fre-
quency oscillations which can be regarded as a constant
in the time scale of interests. Ignoring these shallow
states, we finally obtain a Weierstrass-like function,
L(t) ∝
N∑
n=0
λ−nDe−
i
~λ
2nE0t. (11)
3Zero Momentum Occupation. It is possible to show
that the dynamics of other observables under HE can
also be related to the Weierstrass function. Here, we
consider the occupation number in the zero momentum
k = 0 state, n0(t) ≡ |〈k = 0|φt〉|2. Following the same
procedure in the previous case, we obtain
n0(t) '
∣∣∣∣∑
n
α˜ne
− i~λ2nE0t
∣∣∣∣2, (12)
where α˜n = 〈k = 0|n〉〈n|φi〉. The DSS of the wavefunc-
tion also leads to
〈k = 0|n+ 1〉 =
∫
dDrψn+1(r) (13)
' λD/2
∫
dDrψn(λr) = λ
−D/2〈k = 0|n〉.
Thus,
α˜n ∝ λ−nD, for 0 ≤ n ≤ N. (14)
This indicates that n0(t) is not a Weierstrass function
but the norm square of it, that is,
n0(t) ∝
∣∣∣∣ N∑
n=0
λ−nDe−
i
~λ
2nE0t
∣∣∣∣2. (15)
Nevertheless, it can be shown that n0(t) still has a self
similar fractal structure once the underlying Weierstrass
function is a fractal.
The similarity between Eq.(10) and Eq.(14) is not a co-
incidence. Actually, this is related to Condition 3: the
measurement itself does not introduce any length
scale. Otherwise it will break the scaling symmetry of
the overlap coefficients. For example, if we consider the
dynamics of nk(t) with finite k, the r.h.s of Eq.(13) is
then replaced by
∫
dDrψn+1(r)e
ik·r, which introduce a
length scale 1/k and breaks scaling in the next equation.
Thus there is no DSS in nk(t) generally.
Critical Dimension. Compare Eq.(11) and Eq.(15)
with the Weierstrass function defined in Eq.(1), we iden-
tify that a = λ−D, b = λ2 and thus ab = λ2−D. Note that
λ > 1, which leads to Condition 4: D must be lower
than a critical spatial dimension 2 to generate a dy-
namic fractal. For D ≥ 2, although the dynamics can
still be expressed as a Weierstrass-like function, it does
not lead to fractal behavior. With Eq.(2), we know the
fractal dimension of L(t) and n0(t) is DH = 2− D2 .
Energy and Time Scale. The only difference between
L(t) and the exact Weierstrass function W (x) is that
the summation in Eq.(11) has an upper bound N . This
upper bound removes the pathological behavior of the
Loschmidt amplitude, i.e. L(t) is actually a smooth func-
tion due to the lack of infinitely high energy terms. This
is not surprising as any realistic observable has to be
smooth in time. Nevertheless, as long as N is very large,
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FIG. 2. The binding energies En, overlap coefficients αn and
α˜n calculated using a real potential V (x) given by Eq.(16)
with realistic parameters given in the main text.
functions such as L(t) should still behaves exactly like a
fractal Weierstrass function until we zoom into very small
time interval with width ∆t ' ~/EN . Hence, to observe
the self-similarity in real time dynamics, we need Con-
dition 5: the deepest binding energy EN is much
larger than E0. Under this condition, there shall exist
a large enough time window between ~/EN to ~/E0 for
repeating the self-similar patterns, as we will show in the
numerical example below.
Experimental realizations.- We propose to use ultracold
quantum gases to realize the dynamical fractal. Because
of Condition 4, we consider atoms in a one-dimensional
optical potential,
V (x) = − ~
2
2m
s20 + 1/4
x2 + r20
. (16)
To avoid the singularity around x = 0, we have intro-
duced a short-range cutoff r0. For the simulation, we
consider an initial wave packet φ0 with radius R = 80µm.
The optical potential is determined by two parameters
s0 = 2pi/ log 3 and r0 ' 0.3µm such that λ =
√
3 and
the deepest potential V (x = 0) ' 100kHz. This is a typ-
ical optical potential that can be realized in cold atom
systems.
We first calculate the binding energies En, overlap co-
efficients αn, α˜n and plot them in Fig. 2. One can see
that the binding energies En follow a nice discrete scaling
law except for a slight deviation for two deepest states
due to the short-range cutoff r0. The overlap coefficients
αn and α˜n also follow a scaling law of αn ∝ λ−n for
0 ≤ n ≤ 6 and decays very fast for n < 0, which ensures
that the Condition 2 is satisfied.
In Fig. 3 and Fig. 4, we plot the full numerical evo-
lutions of the Loschmidt amplitude L(t) and the zero-
momentum occupation ρ0(t) ≡ n0(t)n0(0) . As discussed
40 50 100 150 200 250 300 350
-0.5
0
0.5
1
120 140 160 180 200 220
-0.5
0
0.5
FIG. 3. Real part of the Loschmidt echo amplitude L(t) cal-
culated using the same experimental parameters as in Fig. 2.
The bottom plot is a zoom in of the top plot by a scale of
λ2 = 3, which shows a clear self-similar pattern. The inset in
the lower panel shows that the L(t) is indeed a smooth func-
tion in very short time scale. The time interval of the inset is
around 300µs.
above, both quantities satisfy Condition 3. We have
numerically checked that the contribution of the scatter-
ing states is indeed much smaller than the contribution
of bound states by two orders of magnitude throught the
whole time interval. This verifies our argument about
the satification of Condition 1.
Comparing the numerical results with the Weierstrass
function W (x), indeed both L(t) and ρ0(t) are smooth
when we zoom into an extremely small time interval, as
shown in the inset of the bottom panel. Nevertheless,
both curves display typical self-similar fractal structures
in a practical temporal window, which means EN is deep
enough such that Condition 5 is satisfied.
Conclusions and Outlook. In summary, we have dis-
cussed general conditions under which the dynamics of
a quantum system with DSS can exhibit fractal behav-
ior in the time domain, which we name as a “dynami-
cal fractal”. These conditions cover the requirements for
choosing the initial wave function, the measurement, the
dimensionality and the proper energy and time scales.
Our numerical simulation shows that all these require-
ments can be simultaneously satisfied rather easily with
practical parameters in cold atomic gases. The current
calculation is based on a single particle picture which ig-
nores inter-particle interactions. However, we expect the
many-body effect would not bring any qualitative differ-
ence as long as the interaction strength is much weaker
than the attractive 1/r2 potential. Practically, one can
also choose certain atomic species with small or vanish-
ing scattering length in the experiments. The interaction
effects on the dynamical fractal by itself is an interesting
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FIG. 4. Normalized zero-momentum occupation ρ0(t) =
n0(t)
n0(0)
calculated using same experimental parameters as Fig. 2 and
3. The bottom plot is a zoom in of the top plot by a scale of
λ2 = 3, which indicates self-similarity. The inset in the lower
panel shows ρ0(t) is a smooth function in short time scale.
The time interval of the inset is around 200µs.
subject and we leave it for future investigation.
Note added.- During the preparation of this
manuscript, another preprint Ref. [22] appears. The
paper introduces the “time fractal” in a trapped ion
system with DSS, while it does not relate this fractal
behavior to the Weierstrass function W (x) and the
general conditions for the fractal behavior are not
discussed either.
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